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I. INTRODUCTION
F UTURE wireless broadband systems are expected to have high transmission rates with high throughput, low delay and high power efficiency. The multipath propagation channel can be strongly selective, due to high transmission rates, leading to severe time-distortion effects. Block transmission techniques combined with frequency-domain processing are appropriate for high transmission rates over severely timedispersive channels. Orthogonal Frequency Division Multiplexing (OFDM) [1] is the most popular modulation based on this concept. However, the high envelope fluctuations of Paper approved by H. Leib, the Editor for Communication and Information Theory of the IEEE Communications Society. Manuscript received July 7, 2011 ; revised November 14, 2011 and February 11, 2012. F. Ganhão is with the FCT-UNL -Universidade Nova de Lisboa, Instituto de Telecomunicações and UNINOVA, Portugal (e-mail: fjsg@campus.fct.unl.pt).
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This OFDM signals are not recommendable for the uplink transmission, especially with highly efficient power amplification at the mobile terminals. Single-Carrier with Frequency-Domain Equalization (SC-FDE) schemes [2] are adequate for this case under severely time-dispersive channels, with much lower envelope fluctuations than OFDM [3] , [4] . The performance of a conventional SC-FDE can be further improved if the linear FDE is replaced by an Iterative Block Decision Feedback Equalization (IB-DFE) [5] . For these reasons, SC-FDE schemes were selected for the uplink of wireless broadband systems [6] . Transmitted packets can be lost because of poor transmission conditions, e.g., high noise or interference levels, or collisions. Usually a packet with errors is discarded and henceforth retransmitted. However, the information in the signal associated to a failed transmission attempt (i.e., an erroneous packet) could be used to enhance data reception. For this reason several techniques were proposed to cope with lost packets. These techniques combine all packet transmission atempts to recover the original packet, instead of simply discarding a packet with errors.
If a packet was lost due to noise or interference, Hybrid-ARQ (HARQ) techniques can be employed to enhance data reception [7] . HARQ techniques can be loosely arranged in two categories: Code Combining (CC) and Diversity Combining (DC) systems. In CC systems [8] , [9] , multiple copies of the same packet are concatenated to form noise-corrupted codewords with increasingly longer codewords and lower rate codes. In DC systems (e.g. [10] ), the individual symbols from identical copies of a packet are combined to create a single packet with more reliable symbols. DC systems are generally suboptimal with respect to CC systems, but are simpler to implement [7] . DC techniques are easily extended to SC-FDE schemes [11] ; these techniques allow significant improvements in terms of delay and throughput performance [12] .
However, HARQ techniques are not appropriate when multiple Mobile Terminals (MTs) access the channel because in those cases, the traditional Medium Access Control (MAC) approach to avoid collisions is to ask packet retransmissions from MTs with different probabilities. As an alternative, MultiPacket Detection (MPD) [13] techniques could be employed.
There are several MPD approaches [14] - [16] . This article considers MPD techniques based on time diversity, such as the one employed in the Network Diversity Multiple Access 0090-6778/12$31.00 c 2012 IEEE (NDMA) context [17] . The basic idea behind time diversity MPD is that all MTs involved in a collision transmit several copies of their packets under slightly modified transmission conditions in such a way that the receiver, i.e. the BS, is able to separate all packets involved in the collision. To allow efficient packet separation, the subsequent retransmissions should be made with almost uncorrelated channels. When this is not practical, it is possible to employ different packet phase rotations for different MTs [17] or interference cancelation procedures [18] . For severely time-dispersive channels combined with frequency-domain receivers, it is possible to take advantage of the high variability of the channel frequency response. For an efficient packet separation, cyclic shifts [19] or frequency-domain scrambling [20] could be performed on the retransmitted packets. When employed in the DC context, these techniques also provide additional diversity effects [11] .
The study of DC and MPD at the network level is difficult, since there are no closed formulas for the Bit Error Rate (BER) and Packet Error Rate (PER). In most studies, average BER and PER values are previously obtained from extensive physical layer simulations and then used by a network simulator, usually under specific conditions, e.g., perfect power control. Another option would be to implement the physical layer in the network simulator, although this would significantly increase the complexity and duration of network simulations. A better solution in terms of computation would be to have simple formulas of the BER and PER for a given scenario and employ them in a network simulator. This paper considers SC-FDE schemes where DC and MPD techniques are employed to cope with lost packets. Two frequency-domain equalization techniques are also considered: linear equalization, and nonlinear iterative equalization based on the IB-DFE concept. The main objective of the paper is to provide an accurate and simple analytical model to obtain the BER and PER performance for DC and time-diversity MPD. The proposed model is employed in a wide range of DC and MPD scenarios, as well as hybrid schemes that combine DC and MPD principles.
Theoretical bounds on the performance of uncoded OFDM and SC-FDE schemes were obtained in [21] and exact formulas for specific channels were derived in [22] . Assuming a Gaussian characterization of the signals at the FDE output, it is possible to obtain simple BER performance formulas [23] , [24] .
Regarding the notation adopted in this work, A is used to denote a matrix, A T is the matrix transpose of A, A H is the complex conjugate transpose of A and A * is the complex conjugate of A.
The structure of the paper is as follows: Section II characterizes the proposed system and Section III analyzes the receiver structures for DC and MPD and provides an analytical model for their performance evaluation. Section IV refers to alternative retransmission techniques that can be studied with the proposed model. Section V studies the performance of the analytical model in a wide range of scenarios. Finally, Section VI briefly comments the paper's conclusions.
II. SYSTEM CHARACTERIZATION
This work considers a structured wireless system employing SC-FDE at the uplink, where a set of Mobile Terminals (MTs) send data to a Base Station (BS) using a slotted data channel. MTs are low resource battery operated devices, whereas the BS is a high resource device that can use DC to cope with packet errors due to poor propagation conditions or MPD due to collisions. The BS can also employ hybrid techniques that combine DC and MPD. The MTs send data packets on time slots defined by the BS (for the sake of simplicity, it is assumed that the packets associated to each MT have the same duration and a packet corresponds to a time slot). Perfect channel estimation and synchronization is assumed. It is also assumed that colliding packets on each slot arrive simultaneously, which means that perfect time advance mechanisms exist to compensate different propagation times.
Multiple MTs may transmit packets during each slot. To resolve possible collisions, the slots in the uplink channel are organized into epochs. An epoch is defined as a set of slots that a group of MTs use to concurrently transmit packets. It is assumed that the BS is capable of detecting the number of MTs, P , transmitting in a given channel during a slot. During an epoch where P MTs transmit, there are at most P MTs transmitting in each slot. A maximum duration of slots, L max , is usually defined for the epoch. Furthermore, the BS may run the detection algorithm at the end of each slot of an epoch to acknowledge the successfully received packets, and only request additional retransmissions of the unsuccessfully received ones. In a Local Area Network (LAN), this feedback is almost instantaneous allowing an Hybrid Automatic Repeat reQuest (H-ARQ) approach; however, for a network with a measurable Round Trip-Time (RTT) (e.g. where the BS is a satellite or a high-altitude platform) the acknowledgement will take longer to arrive. Therefore, the actual duration of an epoch will depend on the kind of network and respective conditions. The pth MT involved in a collision may retransmit its data packet L p − 1 times during an epoch, where different L p values may be used for MTs with different signal to noise ratios. The epoch duration is defined by the largest L = max{L p , p = 1..P }. At the end of an epoch, the BS signals whose data blocks that were successfully decoded and received.
In MPD for NDMA [17] , [19] , it was shown that a minimum of L = P packet transmissions are required when P MTs are involved in a collision with perfect constant average power control at the reception. But the BS may also signal MTs to retransmit their data L > P times. Such case arises when a combination of MPD with DC technique is employed. On the instance that P = 1 and L > P , it can be classified as DC, since only one MT is transmitting data for L > 1. Considering that P MTs access simultaneously the channel with different attenuation gains |ξ v |, with v ranging from 1 up to a maximum of N Gain , the BS can ask fewer retransmissions than P . Considering an IB-DFE technique that performs Successive Interference Cancellation (SIC) for each iteration, it allows the reception of more than one packet per slot in average [25] . Using the IB-DFE receiver proposed in [26] , MTs near and far away from the BS can coexist in the same slots, due to the simultaneous use of SIC, MPD and DC, as in other SIC techniques proposed in [18] , [27] . The model proposed in this paper is capable of providing the BER and PER for all the scenarios above.
Let us consider a data block on the time domain from a MT p, {s n,p ; n = 0, ..., N − 1}, and its respective frequency domain counterpart, {S k,p ; k = 0, . . . , N −1}, i.e. the Discrete Fourier Transform (DFT) of {s n,p ; n = 0, . . . , N − 1}. Assuming that P MTs transmit simultaneously during L slots, the received content at the BS is
T . The received content depends on the L channel realizations of the MTs
T , and the channel's noise
T . So,
The expanded expression of
If a MT p for a given transmission l has an attenuation gain,
Since the BER and PER are dependent of the channel realizations H k and the Signal-to-Noise Ratio (SNR), the paper's objective is to obtain a function f , where < BER, P ER >= f (H k , SNR). This function is generic and applies to any system where SIC, MPD, DC, or any combinations of them are used. It is independent of the MAC protocol used, since the MAC protocol behaviour can be modeled in H third transmission is requested to both A and B to ensure a successful reception. Regarding the fifth epoch, all MTs access simultaneously the channel, where the BS is able to decode the information from MTs A and B, but asks for a third transmission from MT C to improve data reception, since MT C's attenuation gain is higher than |ξ 1 |. The sixth epoch illustrates a situation assuming the employment of a SIC technique such as IB-DFE, where the three MTs access the wireless medium. Only two time slots are required to transmit data, since IB-DFE can resolve packet collisions when the number of transmissions is smaller than the number of MTs, as long as the signal to noise ratio between MTs is enough [27] , though with an increased computational time.
The analytical model proposed in this paper is easily applied to any situation illustrated above, which makes the proposed work quite versatile, without relying on previous simulations of the physical medium to test network protocols. It allows a precise estimation of the PER, simplifying the performance estimation for system level models, which run on top of a physical layer.
III. RECEIVER DESIGN ANALYSIS
The analytical model of the receiver design is a uniform representation of the models from [33] and [19] . This model assumes that the overall interference that affects the symbol estimation has a Gaussian behavior, either for linear or iterative equalization methods. Subsection III-A describes the linear FDE receiver, and Subsection III-B describes the IB-DFE receiver. In general, the analysis of the receiver structure assumes perfect synchronization between the MTs and the BS, and perfect channel estimation.
A. Linear Receiver
The linear receiver decodes the MTs' L transmissions, where the estimated data symbol from a MT p isS
Expanding (3) results 
To obtain the optimal F k,p coefficients under the minimum Mean Square Error (MSE) criterion, the gradient of the Lagrange function is applied to (3). So
where the Lagrange multipliers are constrained to γ p − 1 =
From the following set of equations,
and ∇ λp J = 0 when γ p = 1. The optimal F k,p coefficients are
For a single MT p transmitting data, i.e. without collisions, for a given transmission l, results
From (3) and (8), results
Assuming the Gaussian behavior of the overall interference η k that affects the symbol estimation, in accordance to [35] , the symbol error probability P s for a QPSK constellation is denoted by
where Q(x) is the well known Gaussian error function.
Assuming that E b = 1, the Bit Error Rate (BER) for a given MT p is
Similarly, it is possible to generalize the same expression for M 2 -QAM constellations with Gray mapping and minimum distance between symbols (i.e., the real and imaginary parts of the symbols are ±1, ±3, ..., ±(M − 1)), so the BER is approximately given by
For an uncoded system with independent and isolated errors, the Packet Error Rate (PER) for a fixed packet size of M bits is
B. Iterative Receiver
The IB-DFE receiver decodes the MTs' L transmissions up to N iter iterations. The estimated data symbol,S
where
k,p ] are the feedforward coefficients and B
T are the soft decision estimates from the previous iteration for all MTs.S , where according to [34] and [29] results
) are the correlation coefficients and
T is a zero mean error vector. For more information onS [28] - [30] . Expanding ρ (i−1) p for a given MT p, assuming a QPSK constellation, where according to [30] results
so that
where L I n,p
and σ 2 n,p
For the first iteration, i.e. i = 1,S
is a null vector and P (i−1) is a null matrix. Assuming that R S , R N and R Δ , are respectively, the correlation of S k , N k and Δ k , where 
the Mean Square Error (MSE), E S k,p −S
To obtain the optimal coefficients, F
k,p and B
(i)
k,p , under the minimum Mean Square Error (MSE) criterion, the gradient of the Lagrange function is applied to (24) . So
where the Lagrange multipliers are constrained to γ
and ∇ λ
For a single MT p transmitting data, i.e. without collisions, results
From (24), and the optimal F (i)
k,p coefficients from (29) , it is possible to compute the minimum MSE. Considering that
and Q(x) as the Gaussian error function, then in accordance with [35] and similar to the previous section, the Bit Error Rate (BER) of MT p at the ith iteration for a QPSK constellation is BER
Although the linear frequency-domain receiver can be employed with any constellation, the presented iterative receiver is specific for QPSK constellations. The iterative receiver can be extended to other constellations by employing the generalized IB-DFE receiver concept of [37] . So analogous to section III-A, the BER for other constellations can be extracted. For instance, for M 2 -QAM constellations with Gray mapping and minimum distance between symbols (i.e., the real and imaginary parts of the symbols are ±1, ±3, ..., ±(M −1)), the BER is approximately given by
For an uncoded system with independent and isolated errors, the Packet Error Rate (PER) for a fixed packet size of M bits is P ER
IV. ALTERNATIVE RETRANSMISSION TECHNIQUES
The proposed analytical model is versatile enough to employ alternative retransmission techniques that require the rearrangement of the data block before transmission. The current section presents a brief overview of alternative retransmission techniques that the proposed analytical model supports.
There are two extreme cases concerning the channel conditions when packets are retransmitted. In one case, which will be denoted Uncorrelated Channel (UC), the channel is completely uncorrelated for different retransmission attempts.
In the other case, which will be denoted Equal Channel (EC), the channel remains fixed for all retransmission attempts. If packets are transmitted under the UC condition, then all packet retransmissions from each MT are uncorrelated, i.e. the channel response for a MT p regarding a transmission l of a given packet symbol, H (l) k,p , is uncorrelated from previous transmission attempts. Although it is desirable to have small channel correlations between transmission attempts for both DC and MPD schemes, this condition is not achieved in most practical scenarios, unless there is a fast channel variation (high Doppler effects) or long intervals between retransmissions. The EC condition is not desirable when retransmissions are needed, but it is very common in practical scenarios.
Therefore, it would be desirable to have small equivalent channel correlations under EC conditions. This is especially important for MPD to avoid an ill-conditioned matrix inversion. To cope with EC conditions this paper considers the following retransmission techniques: Equal Channel with Phase Rotation (ECPR) [17] and Equal Channel with Shifted Packet (SP) [19] .
With the ECPR technique, different phase rotations are employed for the transmitted data blocks by each MT at different retransmission attempts. Assuming that θ p is a fixed phase for MT p and δ l is an offset for each transmission then a phase rotation (θ p + δ l ) l is applied for the lth retransmission of the pth MT data block, which is formally equivalent to have H
. By performing the phase rotations, the matrix inversions required for MPD are well conditioned. However, since the ECPR does not change the magnitude of H (l) k,p , it is useless for DC. An alternative method to reduce the channel correlation between different transmission attempts is to employ the SP technique. With the SP technique a cyclic shift ζ l is performed on the frequency-domain samples associated to the lth retransmitted block. For example, if a MT attempts to retransmit a block, it performs a cyclic shift of ζ 2 = N/2, if the reception fails, it re-transmits with a cyclic shift ζ 3 = N/4, etc. This is formally equivalent to perform a cyclic shift to the channel response of a given MT, i.e., H
. This is especially efficient with time-dispersive channels, where the frequency response changes substantially from subcarrier to subcarrier. This technique can be interesting not just to avoid ill-conditioned matrix inversions in MPD but also to avoid deep in-band fades in DC.
V. PERFORMANCE RESULTS
The performance of the Bit Error Rate (BER) and Packet Error Rate (PER) of the analytical model is evaluated for the DC and MPD techniques, and the hybrid of the previous techniques for a given ratio of the bit energy, E b , over the channel's noise, N 0 . As an example, an HIPERLAN type D channel [32] was considered, with uncorrelated Rayleigh fading for each path and MT; similar results were observed for other severely time-dispersive channels with rich multipath propagation. Data blocks have N = 256 uncoded QPSK symbols, where each block occupies a 4μs time slot. Section V-A describes the results for the linear receiver structure employing the techniques referred in Section IV; Section V-B Fig. 2 . BER performance for the DC technique for a linear receiver structure.
describes the iterative receiver structure for the UC condition.
The simulation results described within the section were obtained with Monte Carlo simulations with the MATLAB software [31] .
A. Linear Receiver
The current section describes the evaluation of the analytical model for a linear receiver structure. Figure 2 analyzes the DC scheme up to L−1 packet retransmissions (plus the original data block). The lines correspond to the analytical calculus of the BER, while the markers are the simulation values. Clearly, the proposed analytical model is very accurate for the various conditions and techniques. The BER diminishes considerably for a given E b /N 0 , when a higher number of transmissions is involved. Moreover the SP technique has a close performance to the UC condition. Figure 3 compares the BER for the UC, ECPR and SP for MPD, up to P = L collisions. The lines correspond to the theoretical BER, while the markers are the simulation values; once again the analytical model is very accurate. When P increases, the performance degrades when not under the UC condition. Considering the UC condition for a BER of 10 −4 , it is possible to achieve an E b /N 0 gain of 2dB between P = 1 and P = 4 collisions. The stored energy from each transmission does improve data reception, despite the increasing interference when compared to the DC technique. Moreover, the UC condition does achieve a reasonable performance for P = 4 collisions when compared to the ECPR technique with P = 2 collisions. In most cases the SP technique outperforms the ECPR technique. Figure 5 illustrates the BER performance for the hybrid combination of the MPD with DC when the number of transmissions L is higher or equal to the number of collisions P using the SP separation technique. For L > P, L = 6 and P = [1, 2, 3, 4] ; for L = P , P = [1, 2, 3, 4] . Comparing both cases when L = P and L > P, the MPD technique achieves a remarkable performance when the BS asks for extra retransmissions from all MTs, outperforming the regular case where L = P . Figure 6 illustrates the BER performance for the PC technique when employing the 16-QAM constellation combined with the SP technique. It is noticeable how well the analytical model portrays the simulation values, though slightly inaccurate for low E b /N 0 . As expected, the performance of the linear PC technique is enhanced for an increasing number of transmissions. Figure 7 illustrates the PER performance for the hybrid combination of the MPD with DC, where P = 3 and 
B. Iterative Receiver
The current section regards the evaluation of the analytical model for an IB-DFE receiver structure. Contrary to Section V-A, this section only considers the UC condition. The analytical model is still valid for other cases, namely when the channel is fixed for the L transmissions and the SP technique from [19] is employed. though for L ≥ 2 there are not many differences between the second and the fourth iterations. The analytical model has a slightly inaccuracy for fewer transmissions, i.e. L = 1, on succeeding iterations, mostly due to the fact that each iteration introduces some residual error to the analytical tool. Figure 9 evaluates the BER analytical tool performance for P = 2 MTs, employing a traditional MPD scheme where P = L = 2 and the hybrid of the MPD technique with DC where L = 4 > P = 2. The IB-DFE technique has a good performance up to 4 iterations when P = L; for L > P, the IB-DFE technique enhances data reception but marginally after the second iteration. The analytical tool has a good accuracy for multiple MTs accessing the channel, though on succeeding iterations for fewer transmissions, i.e. L = 2, it is possible to observe a slight inaccuracy to portray the IB-DFE technique. Figure 10 illustrates the MPD scheme performance for two groups of MTs radially distributed around the BS, where P = 4 MTs. The first group has two MTs, closer to the BS, where |ξ 1 | = 0dB; the remaining MTs from the second group have |ξ 2 | = −6dB. For L = 3 transmissions, it is possible to decode data blocks from P = 4 MTs accessing the channel, where the IB-DFE technique achieves a good performance up to four iterations. From this figure it is possible to observe that the analytical tool performs quite well; however, with fewer transmissions than P and the existence of non-uniform transmission powers, the analytical tool has a noticeable degradation for 0dB, starting from the second iteration. Figure 11 evaluates the PER analytical tool performance for the same scenario of Figure 9 . The theoretical PER values computed from (34) were compared with the simulated ones. Likewise the BER results, there is a good match between the theoretical and simulated PER values, though with a slight inaccuracy for L = P for succeeding iterations. This inaccuracy is due to the fact that each succeeding iteration introduces some residual error to the analytical tool, though with L > P this inaccuracy is indeed smaller. Figure 12 illustrates the PER performance for the same scenario of Figure 10 . Similarly to the BER results, the analytical tool performs decently, though there is a noticeable difference between the analytical and simulation values starting from the second iteration for |ξ 2 | = 0dB. This difference, once again, is due to the inability of the analytical tool to portray faithfully the IB-DFE behavior for L < P and the existence of nonuniform transmission powers, hence amplifying the residual error of the IB-DFE scheme when estimating the BER and consequently the PER.
The differences between the theoretical and simulated values were quite noticeable for the IB-DFE scheme, especially when L < P and with non-uniform transmission powers on succeeding iterations. This is due to two reasons: The Gaussian approximation of the FDE output and the overestimation of the FDE coefficients. These effects were already observed in [23] , [24] , though in most cases the proposed analytical model has a good performance.
VI. CONCLUSION
The current paper considered SC-FDE schemes employing both linear and iterative equalization methods. An analytical model was proposed to obtain the BER and PER performances for DC and MPD schemes that is relatively simple and very versatile. In fact, it is suitable for DC and MPD schemes, as well as hybrid schemes that combine DC with MPD, and can be employed to study scenarios with nonhomogeneous transmitting powers for each MT, as well as different channel conditions concerning the retransmissions and different channel randomization techniques. A set of simulation results showed that the proposed analytical model provides accurate BER and PER results in a wide range of scenarios, although presenting some inaccuracy for iterative schemes, mostly because of residual errors that are not portrayed on the analytical model. Anyway, the proposed work can be very helpful in system level simulations that study the impact of DC and MPD techniques.
